NEW CURVES WITH MANY POINTS OVER SMALL FINITE
FIELDS

KARL ROKAEUS

Abstract. We use class field theory to search for curves with many rational
points, finding a number of improvements of the old records. In particular, we
settle the question of how many points a curve over Fy of genus 17 can have, by
finding one with 18 points.

BACKGROUND

Let g be a prime power and let g be a non-negative integer. Denote by Ng(g)
the maximum number of rational points possible on a projective, smooth and geo-
metrically irreducible curve of genus g, defined over the finite field F,; equivalently,
the number of rational places possible in a global function field of genus g with full
constant field F,. Interest in determining N, (g) arose in the 1980’s, among others
with [6]. It has turned out to be a difficult task; it is still open even for curves
of small genera over Fo, starting with g = 12,14 and 16. See [2] for an overview
of the history of the problem and of different methods that has been used, and [4]
for the current intervals in which N,(g) in known to lie for g < 50. We perform
a computer search for curves with many points over F, for ¢ < 5 using class field
theory; this yields a curve that shows No(17) = 18, and improves upon the lower
bounds in a number of other cases.

The search was done using Magma [1]. We have formulated everything in terms
of function fields (rather than curves), see [7] and [5].

METHOD

Notation. By a function field F/k we will always mean a global function field with
full constant field k, i.e., k is algebraically closed in F'. We write P for the set of
places of F'.

Class Field Theory. Let F/k be a function field, let D be an effective divisor
of F and let Clp(F) (or just Clp) be the ray divisor class group modulo D of F,
i.e., the group of divisors relatively prime to D modulo principal divisors congruent
to 1 modulo D. There is an inclusion reversing correspondence between abelian
extensions K/F with conductor < D, and subgroups H C Clp(F) of finite index,
see [3]. For U a subgroup of Clp of finite index d, let F;? /F be the corresponding
abelian extension. This extension has degree d; it is unramified outside of the
support of D, where a place splits completely if and only if its image lies in U.
When S C Pp is a set of places whose images in Clp generate U we also write
FP/F for FP/F. This is then the largest abelian extension of F with conductor
< D such that all places in S split completely.

The ramification behavior of F?/F at the places in Supp(D) can be computed
from the images of H in Clp/(F) for D’ < D. Algorithms for computing the ray
class groups are given in [3], where it is also indicated how to compute the invariants
of the class field. This is implemented in Magma [1].
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Organization of the Search. We work over £ = F, for ¢ = 2,3,4,5. Using
Magma, for all function fields F' of genus 1 and 2 and for various divisors D we
construct Clp(F); for each rational place we take the quotient with the subgroup
generated by it, list the subgroups of these finite quotients and pull them back to
Clp(F'). This way we get all abelian extensions K/F' of conductor < D in which
at least one rational place splits completely (so that k is the full constant field of
F). We compare this to the tables [4] and record the improvements that we find.

RESULTS

In this section we state the new records that we found together with the intervals
in which Ny (g) was previously known to lie. The details required to construct all
the new curves we found are are given in the last section.

New entries for the tables over Fs.

g | N | Interval
17 |18 [17,18]
45 | 36 [33,37]

New entries for the tables over Fs.

g | N | Interval
17 | 28 [25, 30]

22 |33 | [30,36]
33 |48 | [46,49
46 | 60 | [55,63]

New entries for the tables over Fy.

g | N | Interval
41 | 72 [65, 78]

New entries for the tables over F'.

g | N | Interval
8 | 24 [22, 28]
10 | 31 [27,33]
12 | 36 [33, 38]
26 | 60 [ ,68]
35 | 72 [68, 85]
|

|

|

]

37 |80 | [72,89
40 |72 | [ ,94
45 | 96 | [88,104
46 | 81 | [75,106

DETAILS FOR THE CONSTRUCTION

In this section we give all details needed to construct the curves stated above.
We begin by giving some of these constructions as detailed examples; then follows
a list containing just the necessary details for each record.
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To make it easy for the reader to check the result, below we use Magma’s no-
tation for representing function fields and places; the field F' is represented as a
finite separable extension of a rational function field k(z). Every place of F' then
corresponds either to a prime ideal in the integral closure of k[z] or one in the
integral closure of the valuation ring of the degree valuation.

Ezample (Genus 17 over Fa.). Let F' be the hyperelliptic genus 2 field defined by
y?+ (22 + 2 + 1)y + 2° + 2* + 22 + 2 over the rational field Fo(z). Let S =
{(1/z,y/2%),(x + 1,y + 1)} and let P = (x + 1,y + 2 + 1). We get a sequence of
fields F C F2F' c F3P c F5P.

First, Clap is isomorphic to Z /28 @ Z. In it, S generates a subgroup of index
4. The field F gP has genus 7 and 10 rational places, the best possible. (This was
already known). We get an explicit equation for this extension as T* + (2% +x)T? +
(*+ DT+ (@8 + 22 +2? +a)y+ 28 o242 + 20 4 2% a8 2"+ 2%+ 2% + 1.

Next, Clgp is isomorphic to Z /56 @ Z. The subgroup generated by S in Clsp
has index 8. The ray class field F gP has genus 17 and 18 rational places. This is
a new record and the best possible, showing that No(17) = 18. We can also get
an explicit equation for FEF (which is somewhat messy and therefore left to the
appendix). Using this we can construct the field without using class field theory,
and then using Magma to compute its genus and number of rational places. This
gives an independent verification that it really has genus 17 and 18 rational places.

Furthermore Clsp is isomorphic to Z /2 @ Z /112 @ Z. The field F3¥ has genus
45 and 34 rational places, the old record was 33 (in the next example we give one
with 36 places).

Ezample (Genus 45 over Fy). Take the genus two field given as an extension of
Fo(z) by y? + (2% + 2+ 1)y + 25+ 2% + 2* +22. Tt has 4 rational places and 3 places
of degree 2; use two of the latter to construct the divisor D = (2> + 2+ 1,y +x +
1) +3(x? + 2 + 1,y + 2% + ), and let U be generated by the images of the three
rational places {(x,y + ), (x + 1,y),(x + 1,y + 1)} in Clp. The index of U is 12
and FLJ,D has genus 45 and 36 rational places, showing that N5 (45) equals either 36
or 37.

Ezample (Genus 22 and 46 over F3). Let F be given by y% + 225 + 2° 4 22% + 2% +
222 + 2+ 2, let D = 2(1/x,y/x3 + 1) + 2(z,y +2) and let S = {(z + L,y + = +
2),(z+2,y+x),(x+2,y+z+1)}. The field FZ has genus 46 and 60 rational
places. It has a subfield K of genus 22 with 33 rational places. By listing subgroups
of Clp this is easy to find; however, if we want to express K as FTD for some set
of places T', then we have to use places of rather high degree: The easiest way to
obtain such 7 is to add the degree 5 place (z° + 2% +z + 1,y + 22* + 23 + 27) to
S. Then K = FP C F&.
Explicitly, /2 can be given as an extension of F' by the equations

TP 42Ty + (2® + 202 + o+ 1+ 1/2x)y +2° + 227 + 224+ 1/z
T3 42T + (2 + 222 + o+ 2/2)y + 25 + 2% + 222 + 24+ 2/
which we also use to verify that it has the claimed genus and number of places.

List of data sufficient to construct each curve. Below we give sufficient details
to construct each of the records that we found: For each entry first a finite field
field F, and a pair (g, N); then a global function field F//Fy; then a divisor D
of this function field; then a set S of rational places. The ray class field F?/F,
then has genus g and N rational places. This can be proved using the algorithms
for computing ray divisor class groups which are given in [3] and implemented for
example in Magma. Also, in cases where it seems reasonable with respect to space
we have included defining equation for the extension F SD /F, which we then also
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have used to give an independent verification that the field really has the claimed
genus and number of rational places.

Although Magma is a proprietary software, there is a calculator
magma.maths.usyd.edu.au/calc/ that is free to use and sufficient to construct the
records from the details given below.

Details for the curves over F,.
o Fy: (9, N)=(17,18)

F:y?+ (@ +rx+)y+a®+2t+22+2
D=3z+1,y+2z+1)
S={(1/zy/2*),(z+1,y+1)}.

Defining polynomial:

TH(z® + 2 + o+ DT+ (2" + a8 + a5 2t + 23 22 o+ 1)T5
P T2 e e 2 20 T 2 et )y + (2
12?0 e M a2 e 200 T 4 S 4P 1 a? )T
a2 2 a2+ )T
(s S LIt S S
a0 10 19 4 oS et 2 e 4y
I S . RS U P LRI R
o 2t 12 a0 g g S 4ty o 4 )T
P 4 2% 2 T g% 4y g2y g
L2l g 20 4 19 4 G187 | 15 14 18
b e 2 ot 4 Dy o+ (@8 4+ 2% 4 2
a0 e e 10 15 3 0 B 4 0 )T
P 4 2% 4 25 a0 4 T gt g M g 2
LAl g 39 4 38 4 487 086 020 24 22 4 019 4 0T 4 16
o' et 210 a7 4 a8 4 2?)y 4 a0 4 2% 1 25T 4 % 4 g
L3 g B2 4 g5l 4 4T | 46 | 45 | 40 | 30 4 037 | 35 4 33
4232 4 230 4 2% 4 2% 1220 1 2?1 4 219 p 218 p 1T 4 210 4 1P
4B 4t 4 2% 428 42t 422+ 1.

o Fy:  (g,N)=(45,36)

F:y?+ (@ +2+1)y+a8 +2° + 2t + 22
D=@*4+z+Ly+a+1)+3@* +o+1,y+2> +x).
S={(z,y+2),(z+1,y),(z+1,y+ 1)}

Details for the curves over Fj.
o Fi: (9, N) = (17,28)

Foy?+2°+at 22+ 22
D= 1/z,y/z®) + (x+1,y+1)+2(z* + 1,y)
S={(z+1Ly+2),(z+2,y+1),(x+ 2,y +2)}.
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Defining polynomials:
T+ (2 + 2)T? + 22° + 22° + 2 + 223 + 222
T34+ (x+Dy+a*+a2 +o+1

o Fy: (g,N) =(22,33)

F:y?+2:5 425422 + 2%+ 222 + 24+ 2
D =2(1/z,y/z* + 1) + 2(z,y +2)
S={(z+1ly+z+2),(z+2,y+2),(z+2,y+z+1),
(2 + 23+ 24 1,y + 22" + 2% + 22)}.
Defining polynomials:
TP+2T + (23 + 202 + o+ 14+ 1/2)y + 2%+ 227 + 20+ 1 /2
T3 + 2Ty + (x* +22° + 2% + 2)y/z + (27 + 22* + 22° + 22 + 2) /2

o Fs: (g,N) = (33,48)

Foy?+225+2° + 228 + 2
D=+ 1ly+a+2)+ (@ +1,y+22+1)
S ={(1/z,y/a’ +1),(1/z,y/a* +2), (z,y)}.

o Fj: (g,N) = (46, 60)

Foy? 4225 2+ 208 +2® + 222 1242
D =2(1/z,y/z* + 1) + 2(z,y + 2)
S={(z+1lLy+z+2),(z+2,y+2),(z+2,y+z+1)}

Details for the curves over Fy4. Below, a is a primitive element of Fy.
o Fy: (g, N) = (41,72)

F:y?+ (2® + o)y +2° +2° + a®2? + a2
D= (z+a,y+z)+(x+ay+a)
S ={(1/z,y/z°), (z,y), (x + 1,y)}.

Details for the curves over F;.

o Fs: (g,N) = (8,24)

Fooy? 44254225 223 + 22+ 22

D=(2+22+3,y+dz+4)+ (2> +42+2,y+32+2)

S ={(1/zy/2> +1),(1/2,y/2> +4), (z,9), (2 + 3,y + 4),
z+1Ly+4),z4+2,y+2),(z+4,y+2),(z+4,y+3)}.

Defining polynomial:

T3+ ((42+3)y + (324 + 322 +2))T
+ (422 +32% + 42+ 2y + 48 2+ B 4 2 224 2.
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Fs: (9, N) = (10,31)

Fy? 442542254323 +42° 41
D=3(z+3,y+2)
S={(1/z,1/23y+1),(1/z,y/2> + 4), (z,y + 2 + 2),
(z4+3,y+2z+1),(z+1,y+1),(z+4,y+4)}.
Defining polynomial:
TO5HAT + (42° + 2% + 32 + 4)y/ (2 + 3)+
+(2° +32° +42% 422+ 3) /(2 + 3)
Fs: (g, N) = (12, 36)

Foy? +325 425 + 222 +42° 1422 + 32 +4
D =2(1/z)
S ={(zy+1), (g +4), (5 + 2,5 + 5+ 3),
(z4+2,y+2z+1),(2+4,y+2),(z+4,y+ 3)}.
Defining polynomials:
2?4+ 423 4222 44241
w + (323 + 22+ 22+ Dw + 2° 4+ 32 + 32
Fs: (g,N) = (26,60)

Fiy?+204+25 4420 4423 4422 + 2+ 1
D=(Z424+1,y+3)+ (> +3,y+32+2)
S={(1/zy/2>+2),(z,y+2),(+3,y + 2),
(z+2,y+4)}.
Fs: (g, N) = (35,72)

F:y2—|—26+4z5+2z4—|—2z2+4z—|—1
D=(+2z+1,y+2)+(z+1)
S={(1/zy/2>+2),(z,y+2),(z+3,y+2),
(z+2,y+2+1),z+4,y+1),(z+4,y+4)}.
Fs: (g,N) = (37,80)

F:y?+25 422 +23 422+ 42

D =3(z,y)
S={(1/2y/2"),(z + Ly), (2 + 4,y + 1),
(z+4,y+4)}
Fs: (g, N) = (40,72)

Foy? 422542442

D= (z+3)+(2)

S={(1/zy/2*),(z+ 1L,y +2),(z+ 1,y +3),
(z+4,9)}.
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o F5: (g, N) = (45,96)
Fiy?+2:5 4424432241
D =2(1/z)
S={(z+3,y),z+1,y),z+2,y),(z+4,y)}.
o Fs: (g, N) = (46,81)

Fiy?4+20422° 4224+ 22 4222 4+22+1
D =2(22+42 42,y + 2%+ 4)
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